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The problem of elastic equilibrium of an isotropic cylinder acted upon
by forces applied to its lateral surface and represented by an integer
algebraic function of the coordinate measured along the generator has
been studied by many authors: Almansi [1], Pearson and Filon [2 ],
Michell [3 1, Kolosov [4 ], Zvolinski and Riz [5 ], Dzhanelidze [6],

and others. Some cases of the analogous problem for an anisotropic solid
have been discussed by Kosmodamianskii [7 1, vzdalev [8 ] (mainly bend-
ing) and Dzhanelidze [9 ] (general case of anisotropy, loading of gemeral
and special character). The question of torsion of anisotropic rods has
been the subject of less elaborate studies; only the case of loading uni-
formly distributed over the length of the rod has been discussed in a
paper by Luxenberg [10 ].

The present contribution deals with the torsion of a rod of recti-
linear or cylindrical anisotropy by tangential forces, varying over the
length of the rod according to the law of an integer polynomial of the
nth degree with respect to z; a general theory is developed and certain
special cases are investigated in some detail.

1. General case of torsion of a rod with rectilinear
anisotropy. Consider a rod having the shape of a cylinder or prisma,
of elastic homogeneous rectilinearly anisotropic material, fixed at one
end and carrying tangential loads t distributed over its lateral surface.
Assume that:

1) the anisotropy is characterized by the presence of one plane of
elastic symmetry normal to the generators;

2) the material obeys Hooke’s generalized law and experiences small
deformations;
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3) body forces are absent.

We locate the origin of the system of coordinates at the centroid of
the free end of the rod with the z-axis directed parallel to the gener-
ators (Fig. 1). Furthermore, we assume that the loads t are acting at
each point tangentially to the boundary line of the cross-section through
that point, that, in general, they are distributed along that line non-
uniformly, being, however, reducible to a torque and expressible by an
integer polynomial of arbitrary degree N with respect to z.

N (t, is a function of the arc

t= D tn(s)<%}” s of the contour of the

n=20 cross-section)

(1.1)

We shall treat the problem with the same degree of mathematical rigor
with which the common torsion problem is being treated; in other words,
we shall require that the equations of the problem be fulfilled rigor-
ously on the lateral surface and approximately, by means of integrals,
at any cross-section (including the end sections) where we thus confine
ourselves to the condition that the acting inner forces be equivalent to
a resultant force and moment.

Using the conventional notations for the components of stress, strain
and displacement, we may write the system of equilibrium equations of the
solid under consideration and the boundary conditions for its lateral
surface in the form

oo 0 0

_ﬁ_+ﬁ+ Taz = (xy2)
oz dy oz

€y == @110x + @120y + G136, | QyeTxy
£y == A190x ~+ Aga0y + @330, |- AagTxy
£, == (336 - Ag30y + @330, -+ d3eTxy
Txy = A160x + A260y |- Q3632 + QggTay

Txz = OgsTxz + CasTyz 5 Tyz = AupTxz T AagTy:

(1.2)

Gy €08 (R, T) + Txycos (R, y) = —tcos(n, y)
Ty €08 (1, T) + 6y cos (1, y) = fcos (n, z)
Te, €08 (1, &) + Ty cos(n, y) =0 (1.3)

where the a;. are elastic constants, while n denotes the normal to the
boundary line of a cross-section.

The moment of the external forces acting on the region of the lateral
surface between the free end and the cross-section at distance z from the
free end is
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n
M, = —— e m, = \t,[xcos(n, ) + ycos(n, y)lds) (1.4
2o ( R [z cos (n, 2) + y cos (m, Y)] ds) (

where m_ is the moment of the forces t, distributed over the contour y
of the cross-section. For any cross-section the conditions

ggr.\:dmdy — Sgryzdxdy — 0, SS(—- Tl + Tped) dody ~ M, =0 (1.5
Sgczdxdy — Sgsz:rdxdy — SQ s.ydedy = 0 (1.6)

must be fulfilled, with the integrals taken over the cross-sectional
area.

In order to investigate the state of stress produced by the loading
(1.1) it is obviously sufficient to study the case when the loads are
proportional to z", where n is an arbitrary integer number, so that we

have
t=ta(s)(3) (.7

For the more general case (1.1) the stresses and displacements will
be found by means of superposition.

Starting from Formula (1.7) for the external loading we use for the

displacements and stresses hypothetical expressions in the form of sums
of decreasing powers of z, namely

U=2"F2y o4 2"y + 2" "2y o+ ...

e e e e e e e e (1.8
we=zntly, v,

_ —9 —9
S = 20" -2 0P L L

(1.4

iy ™ ome—en N2
’[’x,u =] ull'['xy + zn "‘Txy + PR

wrl o n+1 — 1y n—1
Ty == 37 l'rxz —1I— zn lfxz —i— e

The quantities appearing in these expressions as multipliers of the
powers of z are functions of x, y. The last terms of the sums are

a) in the case of n even

N . - 0 0 ] 0. 1 1
Uy, Uy 2W5; Sy, Sys Sz, Txys ZTxz, 2Ty
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b) in the case of n odd

. - 1, }
2Uy, 2vy, wov -7"5x1 Zo‘ljla /-'521: ZT;\g y sz, T'u:

Substituting (1.8) and (1.9) into Equations (1.2) and equating the
coefficients of equal powers of z on the left- and the right-hand sides

we find

un+2:_ﬁn+2y'{‘fin+2. vn+2:'ﬂn+2x+Bn+§‘z (110. Xl+2)

where U, A, B are arbitrary constants and the following systems of equa-

tions:
ot 5Tt 6Tu;f"1 )
oz oy — Y (1.10. 0 + 1)
, n 1
(n 4+ 2) (On 0z + - = g Tyy | - AggTog |
ow, ;
. +1 1 n+1
n+42)(—Onsoy + Bnyo) + 9 “4571;;1_ + 55Txz
oak | T It E  ask )
ot B )T =0, ST gk ) vt = 0 (110,10
k1 1 . .
5h = v Wi, 43 — T (@130x" + ag30,F + ass"xu)
dJu .
k k . k 13
57 = Budx + BreGyf + BieTay + - (K + 1wy 4,
33
dak ki kot k Qg 1
S = Biatxt 4 BeeGyt - BagTay + = (A + D wi oy
Yy asg
du ou
k k - Qze
Bz oy == PByg0x" 4 BagOy BeeTxy + (k + 1) wi
. gty o .. k=n n—2,...,0 for n even )
Py Ay e =S 6 e e .., 1 for n odd
ek — 1 . k—1 Ok ——
A L (1 10k — 1)
az oy + 0.
ow y ow
k—1 A--1 E—1 o E—1 k-1 k—1
fevy - oy GaTvz T AaTx huj + —5— = dgTyz -+ Q55T
k=1, n—2,...,2 when neven, and k=1r, n—2, .., | when n odd }
B " 7 " satisfy the boundary conditions as

The functions 0. oy , s
well as the conditions wh1ch follow from (1.6), and they are to be de-

termined in the region of the cross-section.

2. The general course of the solution of the problem. Equa-
tions (1.10) show that the determination of the solution of the problem
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under discussion reduces to successive solution of two types of problems
similar to the problems of simple torsion and of plane strain. For n even
we have 1/2(n + 2) problems of the first type and the same number of
problems of the second type; for n odd it is necessary to solve 1/2(n+ 3)
problems of the first type and 1/2(n + 1) problems of the second type.

We introduce the following notation:
Ulk, Uzk, rk represent a particular solution of the first two
equations (1.10.k);

T , T represent a particular solution of the first equation

of the system (1.10.k-1);

a2 02 a2
L,= Qs 53 —‘2045_6537 T assa—yg'

k-1 k-~
1 2

o4 04 04 04 04
Ly=Baag — 2B Baiay T (2812 + Bee) prr 2B16 dzdy T Bu p (2.1)

Fl‘xrthermore, we introduce the stress functions ¥, ,, ¥, _,, F by
setting

Tn+1_a‘l’n+1 Tn+1:_a¢n+1
*z ay vz dx
O°F, o°F, . aF,
kaza_yz + 6%, oy = Froian SPL Tay = — Fzoy +T (2.2)
k— o, _ - I, _ _
Txz = k 1+rk—] Tlllz T=— gzl_*_rzk '

Then we obtain on the basis of (1.10) the following equations for the
stress functions:

Lo 1= —2(m+2) Vs (2.3.0 41)
LiFy= a:z[ (k -+ 1) wy 41 — Bi1a0s* — Bag0a* — B%Tk] 4 (2.3. %)
s [ D ws — B — Buasi — Burt] —
agzy [aso (k+ 1) wg 41— BreSs* — BaeSo* — Bee‘l”‘]
(k=n n—2,...,0 or 1)
Loy =k (a';" %) + % (@gsT 1 - agqva* 1) — —a% (@550 F 1 - @455 1)

(k=n,n—2,...,2 or 1) (2.3.x—1)

Transformation of the boundary conditions by means of contour



80 S.G. Lekhnitskii

integration analogous to that used in the theory of the plane problem
and of torsion (see e.g. [11, p. 103 1) leads to the following conditions

for the boundary line y:

Yoty = Cnpy (2.4.n4-2)
a_dl;l' — __& (ll—:dy—{— syndx —~r"dy) + ¢’
. (2.4.n)
% = S (z—l”ﬁdx -+ 1dy — clndy) + ¢
0
031;" = — § (6o*dx — thdy)+ ¢y, %F&ﬁ = S(r’fd.t — s¥dy) + ¢,
' (k=n—2, n—4c..,0 ox? 1 (2.4.x)
(2.4.x—1)

8
Py == R(rz"—ldx—rlk—ldy) + ¢k k=n,0—2,... 2 or 1)

0

The integration constants ¢ c.’, .., C can be fixed arbi-
g n+ 1" “n >’ 't Yk—1

trarily on one of the contours representing the boundary of the multiply
connected region of the section; the integrals are taken along the con-
tour between the starting and the current points, thus representing func-

tions of the arc s.

The conditions (1.6) at the cross-section resolve into

C _ nea . n+1 N ’ n41 n+ . n

SS Ty drdy = SSTUZ dxdy = 0, \S(— Top Y + Ty x) dady - Y e
(2.5. n -+ 1)

g'\r,f’z"ldxdy — Sgr,f:ldxdy — 0, &3 (— &y v ) dady — 0(2.5. k1)

(k=n, u—2,...,2 or 1)

SS sz"'dxdy = Sgdzkxdxdy == SX Gz"ydm’y =0 (k= n,n—2,..., O0mnm 1) (2.5. k)

Consider, in particular, the case when the cross-sectional domain is
simply connected. For the latter we may assume that ¢ ; = 0 along the
contour. Then the following course of solution of the problem may be
contemplated for an arbitrary integer n > 1:

1. Solve the problem of simple torsion, i.e. determine ¢h4—1’ r::'l,

r;:'l leading to
Yoy = (1 + 2) ’ﬂu+2‘p (x, Y) <2~6>
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The constant ¢n, follows from the third equation (2.5. n+1), lead-
ing to

ne,

t= e (0= fven) @

3]
~1

where C denotes the rigidity in the usual sense (i.e. for a like aniso-
tropic rod twisted by moments applied to its plane ends). The first two
conditions (2.5. n+ 1) will be fulfilled identically, because ¥ = 0 along
the contour.

2. Determine v, ; and 0,", 0,", 7" from Equations (1.10. n+1) and
(1.10. n), leading to

Wy g = W(n—H‘— (n -+ 2) (‘/‘1114—‘.23C + Bn—{-‘,}y -+ Cn+1§ (28)

where W . | is a function free of indeterminate constants, while C_, ;
is a constant of integration.

3. Solve the plane problem, i.e. find 0 ", 0 ", 7 7 and ¢ ". The first
. . . . X i xy .42
three functions will be free of indeterminate elements, while

L..A_’n
32" =2 S0 —

(AN By -+ ) (2.9)

Q33

The three arbitrary constants will be found from the conditions
(2.5. n) for o .

4. Determine u_, v, from (1.10. n) as well as 777 1 Ty 1. we find
Un = Un— O+ A, 0n=Vnt 0,2 - B, (2.10)

where U,, V,_ are known functions, while Oy, An, B, are new arbitrary
constants,

» -— 1 - 1 .
5. Determine ¢y, _,, 7777, r';z from (2.3. n-1), leading to
Yroq = 2000 -+ Wy (211)
— 17 — . J :
2 99, 5‘_5 g, Tt = 208,57 s (2.12)

where ¢, ¥ _,, r,_y, S,_, are known functions; of the conditions
(2.5. n—-1) the first two are fulfilled identically, while the third
gives

9, — T}Egg(rn,l y—s Dz dy (2,13

Then we find
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Lon—=2 - 2 — - f—32 n—3 1y w2 — .
'i) wn._.] . 1 1} “a Py Tn 2, 2) ﬁy A rxy 1 Gzl’t -

3

n—3 n-—-3 , - __'
3) Ung. Up_s, T y Tg ’ 4) WH—-s ) sz” 8 T’yzn s ete..

The arbitrary constants are to be determined from the conditions
(2.5. k-1) and (2.5.k).

Having arrived at the last terms of the sums (1.8) and (1.9) we ob-
tain three indeterminate constants representing "rigid* displacements:
ﬂO,Ao, B, (in the case of n even) or 4, By, G, (for the case of n odd).
Adding to the displacements the missing terms representing "rigid" dis-
placements and containing three constants, we find all six constants from
the constraint conditions of an element of the terminal cross-section.

The same order of operations in the process of solution is preserved
in the case of a cross-section of multiple connection, with the differ-
ence that the formulas for U, become more complicated.

Adding to the obtained stresses and displacements the solution for
the case of a rod with a free lateral surface acted upon by moments M’
applied to the end sections, we can obtain the solution for a rod with
both ends fixed; the unknown moment reaction M’ is then to be determined
from the constraint conditions of the end z = 0.

Entirely analogous is the procedure of solution for the torsion prob-
lem of a rod of cylindrical anisotropy, with an axis of anisotropy
parallel to the generators and a plane of elastic symmetry normal to that
axis. In this case we have to start from the fundamental system of equa-
tions in cylindrical coordinates analogous to (1.2)

ds, 401, 0T, 5,—0Cy
wtras vt T =0

(2.14)

£,== U107+ QgaGa-+ Q330;:+ Qighre - -« -

Tre== 1601 Qaglo-t Aaelz—- QggTro, - - -« Trz= GgsTrz + AgpToz

The axis of anisotropy is used here as the z-axis. The order of the steps
for determination of the unknown functions and constants remains the same
as in the case of rectilinear anisotropy; it leads to equations of the
second and fourth order for the stress functions ¥, _,, F,, similar to
the equations of the theory of torsion and plane strain (see [11, pp.179,
182, 201 1), which must be solved consecutively.
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3. Torsion of a rod of elliptical cross-section. The treat-
ment of actual problems may be simplified by use of complex representa-
tion of stress functions, stresses and displacements by means of func-
tions Q.k(zj) of the complex variables z. = x+ p.y (=1, 2, 3; k=n,
n-2, ...,70 or 1), as in the theory of torsion, and of the plane prob-
lem ({11, pp. 112,150 1). The problem is then reduced to the determina-
tion of the functions q?k(zj) in the region of the cross-section (the
total number of the functions is 1/2(3n+ 6) if n is even and 1/2(3n+5)
if n is odd); these functions must fulfil known boundary conditions along
the contour, and the number of these conditions secures correctness in
the statement of the problem and the uniqueness of its solution.

If the rod has the shape of an elliptical cylinder (Fig. 1) and the
loading is uniformly distributed along the contour of each cross-section
so that

t=t, (—j)" (3.1)

where t, = const, then the solution of the problem is elementary for any
degree n in terms of integer polynomials. The functions ¢,_,, F), become
integer polynomials of degree n + 4 — k; the coefficients of the poly-
nomials are determined by Equations (2.3), the boundary conditions and
the conditions (2.5. k-1) of the cross-sections. We give here the ex-
pressions for the constants and the coefficients of the first terms in
the expressions for the stresses and the displacement » of an orthotropic
rod (a;, = a5 = a3 = @, = 0), one end of which is built-in:

2t

Vo= — ~ a agsc? Apjo= Bpio=0Cp ;=0 ¢
n-+2 2 +2) (n+1) ln( a4+ Qg5 )1 n+2 n42 n4-1 (32)
4t ; 4t
n+1__ n Yy nti_ n z
Ry A S (33
2t 2t t 2 2
n__ n n__ n n__ ‘nfZ& y
=T W T T 7(?_§) (3.4)
n 2 2tn

(ass €* — ag) 2y
(3.5)

In these formulas @ and b denote the semi-axes of the ellipse and

= a/b.

n
6; = —— [(a13+ @s5) >~ Aag— Aual TY, Wnay=
a assl

at(n4 11"

In the particular case of a uniformly loaded rod we obtain the known

result [10 ]
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an g

T.‘X'::: Fyz, Tyz: _ ;2—.1: (36;‘

210 2t0 s yz\

0= — Y, Sy= = %Y Txu::fo(;@**jﬁf
2t ~

S= a“—a(;g [(ay5+ @gs) ¢ asy— aygly (3.7

The stress components, with the exception
of ¢, are in this case independent of the
elastic constants; in other words, they are,
Fig. 2. respectively, identical to the corresponding
components for the isotropic rod.

4. Torsion of a hollov cylinder by symmetrically distri-
buted loads. Consider a hollow circular cylinder (tube) characterized
by cylindrical anisotropy with an axis z of anisotropy coinciding with
the axis of the cylinder. Assume that one of its ends is fixed and the
other is free, while twisting tangential forces are applied to the
cylindrical surfaces (Fig. 2), these loads being proportional to a
certain power of z and uniformly distributed along the contour of every
cross section, so that

‘'z n
fa= tna (T>", ty =t (%) (thq» tnp aTe constant (4.1
coefficients)

This problem is easily solved if there is one plane of elastic sym-
metry at each point — normal or radial; however, in order to avoid simple
but cumbersome computations we shall concentrate on the case of an ortho-
tropic cylinder (a,, = a,, = a3, = @, = 0 in Equations (2.14)).

We introduce the following notations: a, b are inner and outer radii
of the cross-section, respectively, ¢ = a/b, l is the length of the rod,
sz = l/a44 is the shear modulus corresponding to changes of angles be-
tween direction @ and the axial direction, i.e. for planes parallel to
the axis and normal to a radius of a cross-section,G g = l/a66 is the
shear modulus corresponding to changes of angles between the directions
r and 6 in the planes of the cross-sections

g = Go: [ Gry

In the case under consideration we may put

Gr=GC9p= 0;= Tz = 0: === (42)
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The fundamental system (2.14) assumes the form
{4.3)
d a .. a ‘Ov
(;.(rzfre)‘f‘;;‘z(rzfez):(), Gezgi;:Tnz. Gw(\é—}z)zfro

In these systems of equations u, v, w are the projections of the displace-
ment on the directions r, 8, z, respectively.

We seek the displacement v and the stresses in the form of sums

v=z"t2ly, o+ 2"y + 2020 s L (4.4)
. 5 — 1 ' —1 n— .
Try = 2" TrOn'i" 2 Tren ? T Toy = zn+ T 02n+1 e z Toz . e (4'5>

The last terms in the sums will be v, 7 Y 275 in the case of n even
and zv,, zrre, r9 in the case of n odd. The coefficients of z® are func-

tions of r only.

Substituting these expressions into Equations (4.3) we obtain

Un o = %n+2r (4() n+2j
Tezn+1 = (n+ 2)¥nip Gy, 7 (4.6. n +1)
Gy, B, k-t Pk
Tl e SR e M, v b 2\ 46
(k=mn, n—2,...,0 or 1)
Tezk—l = kGg, v, (k=mn,n—2,..,20r 1 (4.6. x—2)

The conditions for the outer and inner surfaces of the cylinder are

k \
o =t /", Te=0 whenr=5 (4.7)
Tren = tna./ln’ Trok =0 when r=g4

The conditions for the plane end faces (and for any cross-section)
lead to the relations

b b

t. a*—1_, b2 o .
Vo rdr — 2 (a0 (4.8
J Fnta) J

Knowing the type of the function rg*'l we find from Equations (4.6.k)
consecutively the functions r ,", v, rez""l, rren"z, Vo_ g rez""a
and so forth. The determination of the unknown constants #; and B, takes

place with the aid of the conditions (2.7) which permit all constants
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except one to be found, namely ¥, for n even or ¥, for n odd; the former,
expressing a *"rigid* displacement (rotation), will be found from the con-
dition for the fixed end, the latter from the second condition (4.8) for
ngo(k = 1). In the case of n odd it will be necessary for the sake of
definiteness, to add v* = U;’r to the displacement; the constant 4, will
be determined from the condition for the fixed end. The simple structure
of Equations (4.6.k) permits the construction of general expressions for
displacement and stresses corresponding to an arbitrary n. In the case

of a tube these expressions become quite cumbersome; we give here only
the first two or three terms of the sums:

. -2 1 D g
P { S r — j'}_'_z})gj_t Vo pagr? — o 2"+ (4. )
. (n— . L2 1 —1 ‘
+ t%n-—z"_ﬂ%“qi r‘,}l”g]" - (_—LA )L,Lj_[‘)g ("’ ) {)’sz gl ,.5 +
nin—1) Bn g° b’n_., g '
P A _ ol N2
\ 7 rinr o 2 J -+

To, = Gy, | (n—+ 2)1()rw2 rznel -

. 2 1 B g
-4 n[%rl;'_._._@_i_/)_(n__*—.L,ﬁn‘Zgr3_>#Jzn“1+“.}

4.2
2 1 . Ba nin -1y o o
Tru:GUZ{{__(E‘*——);,i)“%"Tz’“—?z—]Z”-‘— [7” W*VT_ }nr 7&_
n4+2)(n4-1)n(n—1) nin—1)Bg B, _, _ \
+ 6.4.2 By ert B e Jz T

In the case of a solid rod of circular cross-section (a = 0) displace-
ment and stresses can be represented for an arbitrary integer n by the

expressions
ki1

¢ -4 ! . V! m 7 9
R ETY VA 2] [Fnog? Z (—1m ( i \l Pkt & s e TEMT JZ" 2h
k=0 m==1 )
A+1
. , N ) ’
Ty, == Gy, i!(n - 2) %nﬁ—z pzietl oL Z (n — ZA) i’%n‘% r oL l\/}.'l 0)
A=0
h—+1
, N\ A\ g "o .9 ne—2h-—1}
s Z (— l)” (_%) pm/n%'t‘r'!nlu_’ﬂzmﬂ}Z‘ 2 1?
m=1 !
Tpp == 0.5 G@z {*—‘ p;LO’S’n_i_.ZI':Zn';L—
E41 ) .
2 m— X 2 —ul
-+ Z [2 (_ “m <‘i—> mp;;tk "‘)‘n+2m —akl " J @ ‘f
k=1 " m=1
where
n_ (n42m—2k)(n4-2m—2k—1) . -(n 41t —2k) L(n—}—Zm———Zk o 2m )
Pmx = (m + 1)!'m! T om 2m : Km .

(m=1,2,3,...; n, k=0,1,2,3...) (4.11)
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The upper limits of summation in the first two sums of Formulas (4.10)
are 1/2n in the case of even n and 1/2(n ~ 1) in the case of odd n.

If the free end of the hollow or solid cylinder is acted upon by a
twisting moment M, then to the displacements and stresses (4.9) or
(4.10) one must add

' 2M' ¢ ’ o 2M' ’ 4

v :WTZ—%—%(]T, Toz—-“mr, Tro = { (4.12)
respectively. If the rod is fixed at both ends, then the unknown moment
reaction M’ and the rotation 9, - 9," (or ¥, ) are to be determined from
the conditions at the end faces. If we assume that the outer contours of
the plane end faces are fixed, then the conditions mentioned are

v(b,0)=v(b, {) =0 (4.13)

5. Particular cases of distribution of torsional loading. Let us con-
sider in greater detail the case, discussed in Section 4, when the inner
surface of the hollow cylinder is not subjected to loads, while the load-
ing, applied to the outer surface, is distributed according to the quad-
ratic law

2
t=1 (au-i-dx —-;—-%‘dz%) {5.1)

where a,, a,, a, are given dimensionless coefficients., This loading re-
duces to a twisting moment

3M 1 5.2)

— 1 2 2ats), bo == .
M == 'y mteb?l (6&0 + 3oy + 2atg) or 0 7% By + 301 + 5t

We give in the following the formulas for displacements and stresses
obtained on the basis of (4.9).

Case 1. One end fixed, the other free.

2 2
v=-z;;-(%’z{’:w{{2(ﬂ—zﬁ> T+ S (0 — ) + %f.:—a*—zé)}r—i—
¥
2 & 2]
HE (g o) (P4 ) bt (4 5) 4

2 b4 - a2 4 4at z 22
+-5“—+b—z:;r—‘(a1+az~a1-r—az lT)f]-i- (5.3)
Olg

g b
+ ACEY [2 (B -+ a2b + 4a¥) (r3 — b?r) + 244 (b¥ — 3a?) (—r-‘ — r) -+

4 (b2 3 a?) (B4 — r®) - 1204 (B2 + a?) r.In —g-]}
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tob? 22 20y 23
7EZT%JPW+%Tﬁ"?—ﬁ%+
20z 1\ at bt 4- a®b? - 4at o 2005z
+ <a1-|- 12 }<r3+ ,.—)— g 3 (5 a?) (‘ll"—l———lz >r} (5.4)
tob? z z? a*>
Teo = 0 —ad {<a0+a17‘+dz Tz) <r2—,7)+

ds o ash? (3a2 — b?)

+& ‘m[(b‘“r a’b? +bdat)r? f ——————

7 — (b + a?) (rt + 3a4)]}

The twist angle in any cross-section is a variable quantity depending

on r and z; we shall call the twist angle for a given cross-section the
angle by which the outer contour of the section rotates:

Ty, =

v (b, z)
— (5.5)

In the case under consideration we obtain the maximum twist angle at
the free end:

Ml 6oy 4 204 - o '1 A o1 4 ag (i)z ] 6
Pmax = G, b7 (1 — o) 6oy 4 30; I 20 K o+ oa +as \ 1) /] (5.8
where

2 — 22
fe) = (1+§CJ)F(:2 . ¢ = (5.7)

The maximum stress appears at the outer surface of the fixed end:
2M g ay - 20ts ( b \? -
Tmax = | Toz(bs O = ) [1 T4 Bag + 3a; + 2a, T) 7 (e) (58

The complete twist angle and the maximum stress in a rod with its

mth® (1—ct

cylindrical surface free, but twisted by moments of the same amount ¥
applied at its ends are, as is well-known, respectively equal to

2Mi 2M
PM= TG, b4 (1 — %) T

M T A= (5.9)
These formulas permit comparison of distributed and concentrated twist-

ing loads with each other and an estimate of the changes in ¢hax and 7
which take place if the moments,

max
acting at the ends, are replaced by dis-
tributed loading.

Case 2. Both ends fixed.

1,b? Zay . o)
v:7Eﬁ:FTﬂ%W—m+m<m—m+ﬁﬂm_m}+

+—§-[<a0+al—l:-—\)</r3—i——(:.i—b‘“'r—’(‘lz—r>—l-dz?—j(rs-l-”(;i)—
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a?  2b% (b4 4 a%h? 4 4a%) 22 + (b2 3a?) (b2 —a?)?lz
372 B2 (B2 + a%) ] r+

2
+ -ml%_%a—z)lT [2 (b + a®? 4+ 4at) (8 — b?r) +

+ 2a% (b* — 3a?) (g — r) — (% 4+ a?) (b —r%) 4 12a(b% + %) r?ln ——?.—J} (5.10)

The stress 7.0 is again determined by Formula (5.4) given above, while
To, is to be obtained by differentiation of v (4.3).

If a rod with fixed ends is acted upon by a concentrated torque ¥
applied to it at its center cross-section, then the maximum twist angle
(at the central cross-section) and the maximum stress are

, Ml , M ‘11
PM = 2nG,, b5 (1 — o) ° T = TP (1= (5-41)

(as in the case of a rod of length 1/2 1 twisted by a torque of magni-
tude 1/2 M).

d 0 ———=——=—= —
| 1 — 3 \»W E
Fig. 3. Fig. 4.

Here are a few particular cases.

1. Rod with one end fixed, acted upon by loads uniformly distributed
over its length (Fig. 3)

oy =1, oy =og =0, Prmax = 0-9Pz1 » Tmax = Tx (5.12)

The same results are obtained for rods with both ends fixed.
2., Rod with one end fixed, loaded linearly along its length (Fig. 4).

If the fixed end is z = I, then a; = a, = 0, a; =1

1 g [ b\ g ( b \?
mmax=-—[1—7<7)f<")j%f Tmax = |1 =12\ 7)) 7O ™ (5.43)

If the fixed end is z = 0, while the other end is free (Fig. 4), then,
of course, both the twist angle and the stress are larger than in the
case of the end 2z = ! being fixed, and we find
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2

2 7 A “h R
tmx =5 1+ ()70 T [t () Tty

In the case of a long thin rod the ratio b/l is a small quantity, and
if the ratio g of the shear moduli is small or comparable with unity, the
second terms in Formulas (5.13) and (5.14) can be neglected, and we then
find

o \ e 17 .2
Tmax = 'M and Q. = s Py OF Prax = /s P

3. Rod with both ends fixed, carrying loads distributed according to
the parabolic law (Fig. 5).

=0 0o m) (515)
Here we have aj = 0, a; = ~ a, = 4 and 1{/{//T’TI;;T
7 ‘ l 3% z
5 2 b2 ’ 0,19}-~__,+..._«_M
q’max:“g“'[1+'—5“g<—f> f(c):l(pM il 7 7
P

tmar = |1+ e(1) FO)t G0
f—3 _g_ C R
max 2201 M Fig. 5.
In the case of a solid cylinder we have to use the same formulas after
having substituted into them ¢ = 0, f= 1.

Take as a further example the case of a solid cylinder with one end
fixed and carrying the load

[
L=l (—lz-—\) (5 17;

Using the general expressions (4.10), (4.11) with n = 6 we determine
from the boundary conditions consecutively the constants bg, Y 94 9 and
from the constraint condition the constant §, . The ultimate result is of

the form e . ( P 1
—_— e . Sp __ 2p3) 46 376 .
PTG {14 (22— 1% () v —amm s oo 4
5 72\ o 2 (8 53 -
+ KT) [(5bfr —120%r"  ur¥)zt + bOU] 4 —- (T, [(26b5F — T5b%3

/g \4
4 60b2rS — 15r7) 22 4 4b702] +- %— (€)' (— 52687 4 50042 — 20027 - 3r* + 199) |

2

T,p= lTﬁ (—2—) {ze + —% (b2 —r?) [1024 4+ 5 (%) (5b2 — 3r2) 22 4
st ’ -

1 —2~ (£-) (s — 12 3r4)}} (5.18)

dv
Ty, =Gy, G 19
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All given formulas become formulas for an isotropic rod if we sub-

stitute‘Gez =G, g= 1,
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